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The variational formulation of nonlinear problems of the thermo- 
dynamics of irreversible processes in the local potential method is 

subjected to a comparative analysis. The particular example of the 

solution obtained by the method of succes s ive  approximations is 
examined and the possibility of using other methods is discussed. 

The local potential method, proposed by Prigogine, 
Glansdorff, and Hays [i], is one of the possible at- 
tempts to apply the general criterion of evolution [2] 
to the variational formulation of nonlinear problems 
of the thermodynamics of irreversible processes. The 
s t a r t i ng  p r e m i s e s  a r e  the ex i s t ence  of loca l  equ i l ib r ium 
in some region  of the s y s t e m  and the sa t i s fac t ion  of 
O n s a g e r ' s  s y m m e t r y  r e l a t i ons  for  the phenomeno-  
log ica l  coef f ic ients  in the s t a t iona ry  s ta te .  In the 
local  potent ia l  method the phenomenologica l  coeff ic ients  
a r e  not a s s u m e d  constant  and hence,  in p r inc ip l e ,  the 
method i s  app l i cab le  to any nonequi l ib r ium s t a t i o n a r y  
p r o b l e m  sa t i s fy ing  the above-ment ioned  s t a r t i ng  p r e m -  
i s e s .  

The loca l  potent ia l  is  the r a t e  of en t ropy  product ion 
in which the t rue  phenomenologica l  coef f ic ients  L i j ,  
r e l a t ing  the t he rmodynamic  f luxes J i  and the t h e r m a l  
fo r ce s  Xj, 

J~ = ~ L . X j ,  (1) 
i 

a r e  r e p l a c e d  by the i r  va lues  L~j in the s t a t i o n a r y  s t a t e .  
Thus,  the loca l  potent ia l  

P = .I dv Z Lo, x,x, (2t 
V t , 

in the s t a t i ona ry  s ta te  i t se l f  co inc ides  with the r a t e  of 
en t ropy  product ion,  while nea r  the s t a t i ona ry  s ta te  
the r a t e  of va r i a t ion  of local  potent ia l  with t ime  s a t i s -  
fies* the gene ra l  c r i t e r i o n  of evolution 

: =2 dv E < 0. (3) 
v i i 

F r o m  the definit ion of the loca l  potent ia l  it  i s  c l e a r  
that  i t  is  an e x t r e m a l  function of s ta te  only in the s t a -  
t i ona ry  s ta te  i t se l f ,  while in the neighborhood of the 
s t a t i ona ry  s t a te ,  not being a function of s ta te ,  i t  can 

* The c r i t e r i o n  of evolut ion a s s e r t s  the nonpos i t ive -  
ness  of the  fo rm 

V i ] 

which d i f fe r s  f r o m  (3) by quant i t ies  of the next o r d e r  of 
s m a l l n e s s .  

only d e c r e a s e  with t ime .  This p r o p e r t y  m a k e s  it pos-- 
s ib le  to fo rmula te  a va r i a t i ona l  p r inc ip le  analogous 
to the t h e o r e m  of min imum ra te  of en t ropy  product ion:  

5 P = O ,  5~P>O (4) 

for  the nonl inear  reg ion  of the phenomenologica l  r e -  
l a t ions .  

To fo rmula te  the va r i a t i ona l  p r inc ip le  it  is  usua l ly  
m o r e  convenient  to c h a r a c t e r i z e  the s ta te  of the 
s y s t e m  not with r e s p e c t  to the fo r ce s  Xi, but with r e -  
spec t  to ce r t a in  funct ions of the f o r c e s  Zs(Xi),  which 
comple t e ly  d e t e r m i n e  the s ta te  and hence X i .  Thus,  in 
p r o b l e m s  of heat  conduction i t  is  m o r e  convenient  to 
find the d i s t r ibu t ion  of the t e m p e r a t u r e  i t se l f  and not 
the g rad ien t  of i t s  r e c i p r o c a l .  In this  case  the s teady 
s ta te  wil l  c o r r e s p o n d  to functions Z~ and hence 

L ~ q = Lq (Z~). (5) 

With this  in mind, we can fo rmula t e  va r i a t i ona l  p r o b -  
l em (4) in gene ra l  f o rm  as the p r o b l e m  of finding m 
unknown functions Zs(qk) (s = 1 ,2  . . . . .  m), defined in 
the c losed  f ixed reg ion  V of the s p a c e  of gene ra l i z ed  
coord ina tes  qk (k = 1, 2 . . . . .  l )  s a t i s fy ing  the boundary 
condi t ions 

Gp(q~, Zs; (Z,)qk)=0 ( p = l ,  2, ..., re) on Z (6) 

and min imiz ing  the functional  

i = t  ]= t  

(Z,);,) X, (Z,, (Zs);k) dq (dq = dqflq, ... dqt) (7) 

with the addi t ional  condit ion 

z~ (qk) = z .  (qk) (s = 1, 2 . . . . .  m). (8) 

A f e a tu r e  of va r i a t i ona l  p r o b l e m  (6), (7), (8) is the 
dependence  of the in tegrand  func t ion - the  Lagrangian  
of the functional  P -  on the two se t s  of functions Z s 
and Z~ the va r i a t ion  being c a r r i e d  out only with r e -  
spec t  to the Zs,  w he re a s  the Z~ a r e  a s s u m e d  known; 

0 in fact ,  the funct ions Z s a r e  not known, s ince  they r e p -  
r e s e n t  the unknown solution.  The s igni f icance  of th is  
wi l l  be evident  f rom an examinat ion  of the Eule r  Equat ions.  

The e x t r e m u m  condi t ion is wr i t t en  as follows: ' 

l 
0 ~  O~ I 

Z81 ---- O. (9) 
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Since the functions Z ~ a re  assumed known, 6Z~ --0, 
S 

and in view of the a r b i t r a r i n e s s  of 5Zs, we obtain the 
Euler  equations 

OZ8 = % 
(.10) 

We denote the product  XiX j by Xij. Then the L a n g r a n -  
gian ~ w i l l  have the form 

and the Euler  equations a re  r ep resen ted  by 

�9 . L , ,oz , -  L,, oT & 
t 

l 

OZ s - - ~  ( OLil axii �9 i Oqk a(z~).qk k 

+Lu a a x ~ ) ] = o ,  
Oqk a ( z~);~ 

where 

m l 

0 OX,] ~ [  O2Xi] (Zk)'qk_~ 

l 

p=! 

(1.2) 

Taking condition (8) into account,  we obtain 

,,, , , (z,); .~ a(z,)'% o ~ ; ~  + 

c32Xii 7 + L~i + 
a (z,)~. o (z~)~, J 

+ (Zt)'r k F oLu OX'I-  + L,, O < .  : l - -  
L o z ,  a(z,)~, oz2(z~)'% J 

ax~t I =0. 
- -  L~i O Z  8 J 

(13) 

The solution of this  sys tem of equations with boundary 
condit ions (6) gives the unknown functions Z s. 

Here, as d is t inc t  f r ~  ~  va r i a t i~  p r ~  
there  are  two conditions:  the functions Z~ are  assumed  
known 6Z~ = 0 and, moreover ,  equal to Z s (Z s =Z~ 
To i l lus t ra te  the s ignif icance of these  two conditions 
we will sueess ive ly  d i scard  them. 

We s ta r t  by d iscard ing  the f i r s t  condition. Equation 
(9) will again be the condition of the ex t remum of the 
functional.  Usingcondi t ion (8), we reduce  Eq. (9) to the  
form 

rn  l 

=0.  (14) 

Hence by v i r tue  of the a r b i t r a r i n e s s  of 5Z ~ we obtain 
the usual  Euler  equations in the form 

~ [ aLu ax u 
�9 , L ozs x~i + Lii ozs 

o I oL,, ox,, "ll = 
~q~ \ o (z.)'~ x,j + L, O(Z.)'~, ] ] 

~ 0 .  (15) 

Comparing (15) with {13), we obtain the identi ty con-  
dit ions for these equations,  

• [ aLu ' ( OL,I 
~,j ~=, k a(zs)'~ 

~0.  (16) 

These  condit ions can be sa t is f ied for a r b i t r a r y  Xij 
only when Lij , i . e . ,  in the l inear  region of the phe-  
nomenologieal  re la t ions .  Thus, d i scard ing  the con-  
dition 5 Z~ s = 0 leads to the theorem of m i n i mum entropy 
production.  

We now d iscard  the second condit ion Z s = Z~ Equ a- 
t ions (10), (11), 02)  r e m a i n  valid, but Eqs.  (13) a re  
not sat isf ied.  In this case  the final equations wil l  be 
Eqs. (12), which for some choice of Z~ again become 
ord inary  Euler  equations.  Equations (12) serve  for 
de te rmin ing  the next approximation.  Hence d iscard ing  
the condit ion Z s = Z~ leads to the method of success ive  
approximat ions .  

As an i l lus t ra t ion  of these genera l  ideas we will 
cons ider  the problem of nonl inear  heat conduction in 
a solid. 

In this case the genera l  c r i t e r ion  of evolution is  
expressed  through the known condition of t he r mo-  
dynamic s tabi l i ty .  In fact,  mult iplying both s ides of 
the equation of energy conservat ion 

ae 
9 0-7- = - -  div W (17) 

by OT-I/Dt, we o b t ~ n  

OT -x Oe _ cv (OTIS 
P at at P ~ - -  \ - ~ ]  ~<~ (is) 

since the specific heat is  posit ive definite.  Hence for 
the r ight  side there also follows 

c)T-1 - -  - -  div W = 
at 

( aT -1 ) OT-' ~0. (19) = - - d i v \ ~ - -  W + W g r a d  Ot 

Integrat ing over the volume and applying the Os t ro -  
g radsk i i -Gauss  formula ,  we obtain the inequali ty 
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- - ! W  OT-X d ~ + ; W  0 Ot ~ -  grad T-~dV ~< O. 
' V 

F o r  s t a t i ona ry  boundary  condit ions the f i r s t  i n t eg ra l  
i s  equal to ze ro .  Thus,  

(20) 

0 grad T-IdV ~< 0, w T 
v 

(21) 

which is  a l so  the exp re s s ion  for  gene ra l  c r i t e r i o n  of 
evolution in the given case .  The equal i ty  c o r r e s p o n d s  
to the s t a t i ona ry  s ta te .  

We use F o u r i e r ' s  law with t e m p e r a t u r e - d e p e n d e n t  
t h e r m a l  conduct ivi ty  ~: 

Then 

W = - -  X(T) gradT = L(T) T ~ grad(T-X). (22) 

0 ;~(T) T ~ grad T -1 -~-  grad T-ldV = 
g 

1 ~ ( T ) T  2 0 (gradT_X)~dV...<O" 
V 

(23) 

In o r d e r  to obtain an exp re s s ion  for  the local  po ten t ia l ,  
we subs t i tu te  for  the phenomenologica l  coeff ic ient  L i ts  
value  in the  s t a t i ona ry  s t a t e  L ~ i . e . ,  ins tead  of ;~ (T)T 2 
we wr i t e  ;~ (T0)T~, where  T O is the s t a t i ona ry  t e m p e r a -  
tu re  d i s t r ibu t ion .  Then, as  in the gene ra l  e a se  (3), 

0 S L (To) To ~ (grad T-~) ~ dY = OP ..< O. (24) 
0-7 

Y 

which r e p r e s e n t s  Eq. (13) for  the case  of heat  con-  
duction.  

F ina l ly ,  we d i s c a r d  the f ixi ty  condit ion (26). Then 
the Lagrang ian  

= ~ (T) T 2 (grad T-l) 2 = L (T) T -~ (grad T) e, (29) 

and the Eu le r  equation t akes  the fo rm 

(~' T -~ - -  2L T -3) (grad T) ~ - -  div (2K T -2 grad T) : 

2 L 
- T  2 ( )~' 

• -2 - - -  T (grad T) ~-.2 

whence follows the equation 

LhT+X'T(gradT)~= (2 T- -~-SY-. ] ~'; ~ (gradT)t (31) 

This  equation goes over  into the s t a t i ona ry  equation of 
heat  conduction when the r igh t  s ide  is equal to z e ro ,  i . e . ,  
when one of the  fol lowing two condi t ions is  sa t i s f ied:  X/T + 
+ ~ / 2  = 0, whence h(T) = c T  -2,  o r  (grad T) 2 -- 0, 
whence T = const .  Obviously,  these  a r e  p r e c i s e l y  the  
c a s e s  when L -- c o n s t ,  i . e . ,  when the s t a t iona ry  s t a t e  
l i e s  in the  l i nea r  r eg ion  of the phenomenologica l  r e -  
l a t ions .  

In this  c a s e  the gene ra l  equation (12) is r e p r e s e n t e d  
by Eq. (27), which can be used  to d e t e r m i n e  the next 
approx imat ion  to the s t a t i ona ry  t e m p e r a t u r e  d i s t r i b u -  
t ion in the method of s u c c e s s i v e  approx imat ions .  

APPEND~ 

Hence t h e r e  fol lows the Var ia t ional  p rob l em:  to find the 
t e m p e r a t u r e  d i s t r ibu t ion  sa t i s fy ing  ce r t a in  boundary  
condi t ions and min imiz ing  the functional  

P = ~ g (To) T~0 (grad T-Z) ~ dV (25) 
v 

with the addi t ional  condit ion T =T 0. 
We wr i t e  the Eu le r  equation for  this  p r o b l e m .  Taking 

into account  the condit ion of f ixed s t a t i ona ry  d i s t r i -  
bution,  

5 To = 0, (26) 

we obtain the equation 

~'T~ (gradT)2--div ( 2 ~ 4 ~  gradT)= 

T~ (grad T) ~ - -  - 4 ~  

T~ grad To grad T + 

+ 8  ~ (gradT)~--2 
XT~ 

- -  - - ~  A T : 0, (27)  

hence,  us ing the condit ion T o =T,  we obtain the s t a -  
t i ona ry  equation of hea t  conduction 

XA T + ~r (grad T) 2 = 0, (28) 

We wil l  c o m p a r e  the t e m p e r a t u r e  d i s t r ibu t ions  given 
by the local  potent ia l  method,  the t h e o r e m  of min imum 
entropy product ion  and the method of s u c c e s s i v e  ap-  
p rox ima t ions  for  the p r o b l e m  of nonl inear  heat  con-  
duction. 

We wil l  cons ide r  a hea t -conduc t ing  segment  of 
length l, at whose ends the t e m p e r a t u r e  va lues  T 1 and 
T~ a r e  given~ Introducing the d ime ns ion l e s s  v a r i a b l e s  
x =Xdim//  and T = Td im/T1  and assuming ,  to be  s p e -  
c i f ic ,  T 2 = 2T1, we obtain the boundary  condit ions of 
the p r o b l e m  in the fo rm 

T(0) =1,  T ( 1 ) =  2. (1") 

We also as  sume a l i nea r  law of va r i a t i on  of the t h e r m a l  
conduct ivi ty  

(T) = Xo(1 + ~ T), (2*) 

where  k 0 and a a r e  c e r t a i n  cons tants .  
F o r  this  spec ia l  c a s e  the s t a t i ona ry  equation of heat  

conduction (28) is wr i t t en  in the  f o r m  

(1 + ~ T) T~x + a (T~) ~ = 0. (3*) 

It is  ea sy  to ver i fy  that  the solut ions of this  equation 
a r e  

T = - - l / a 4 - ~ + c 2  when a ~ 0 ,  
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T = csx + c4 when a = 0, (4*) 

where the values of the constants  a re  found f rom boundary 
conditions (1~. 

Solutions (4*} give the actual  s ta t ionary  t empera tu re  
d is t r ibut ions  for  var ious vaIues of aobta ined by the 
local potential  method. 

For  this case Eq. (31) is expressed as follows: 

[ y1 (T;)2] =0. (5") [TT2,  - -  ( r ; )  2] + a 7" LT72 - 

For  compar i son  we wr i te  the s ta t ionary  temperatt~re 
d is t r ibut ions  obtained, us ing  (1"), 

by the local potent ial  method 

Y = l - t - x  w h e n a = 0 ,  

T = 1 / ~  -+- 1 when a = co, (10.) 

by the method based on applieation of the theorem of 
m i n i mum entropy production 

T = 2  * w h e n a = 0 ,  

For  compar i son  with the exact solution (4') we will  
consider  the same  l imi t ing values a = 0 and a = ~o. 
Obviously, at these values of the p a r a m e t e r  a the 
fo rm of the solution wil l  be as follows: 

T = cl exp (c~x) when t~ = 0, 

C 2 

T = c3x 2 + c ,x+ ~ when a = oo, (6*) 

where  the values of the constants  a re  again easi ly  
found f rom boundary condit ions (1'}. Solutions (6*} a re  
the d is t r ibut ions  corresponding to min imiza t ion  of 
entropy production,  and not local potential ,  i . e . ,  these  
d is t r ibut ions  a re  obtained as a r e su l t  of applying the 
methods of o rd inary  thermodynamics  of i r r e v e r s i b l e  
quas i - equ i l ib r ium processes .  

To(1 + a To) [2 (T'x)2--TTxx] - -  TT'xT~x(2 + a To) = 

= o.  (7*)  

We s ta r t  by select ing as the zero approximation T o 
that for which L = const,  i . e . ,  T o =const .  Then for all  
values of G Eq. (7*) gives a solution of the form 

T = ( 3  2V2)X2q- (2V2- - -2 )x -F lwhen  a = c o ,  (11.} 

and by the method of success ive  approximations 

2 
T = - -  when L = const and for any a, 

2 - - x  

T =  1 + x  whenTo = 1 + xand  a =  0, 

2 ] when  T O = 1 q- x, T = 3  1 (1 q- x)~ q -2  

while a = oo. 

NOTATION 

Ji is the thermodynamic  flux; X i is the thermodynamic  
force; Li] is the phenomenologizal  coefficient; p is 
the densi ty;  e is the energy per  unit  mass ;  W is the 
heat flux; V is the volume of the sys tem;  Z is the 
boundary surface;  d G is the e lement  of the boundary 
surface;  MT) is the t empera tu re -dependen t  t he rma l  
conductivity. 

T = c~ (x + c~) -1. (8*)  REFERENCES 

K as the zero approximation we take T o = 1 + x, which 
cor responds  to the s ta t ionary  t empera tu re  dis t r ibut ion 
at X(T) = const ,  the fo rm of the solut ion wiI1 be dif-  
fer ent: 

T = c 8 [(1+ x) -2 § c4] -1 when a = co, 

T = csx + c~ when a =0. (9*) 
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